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ABSTRACT. In this paper, we mainly focus on the existence of the viscosity

solutions of
Hi(z, Dui(z),u1(z),u2(x)) =0,

{ Hy(z, Dua(z),u2(z),u1(x)) = 0.
The standard assumption for the above system is called the monotonicity con-
dition, which requires that H; is increasing in u; and decreasing in u; for each
3,7 € {1,2} and ¢ # j. In this paper, it is assumed that H; is either increasing
or decreasing in u;, and may be non-monotone in u;. The existence of viscosity
solutions is proved when
Ouy, H1(,0,0,u)
Ou, H1(2,0,v,w)

8u1 HQ(I7 07 07 u)

= su
X > 6u2H2(CC7O,U,'LU)

u,v, weR

uw,v,weR
Then we consider
hi(z, Dui(2)) + A1 () (u1(z) — u2(z)) = c,
ha(z, Dug(2)) + Az(z) (uz(x) — w1 (2)) = alc).
It turns out that for each ¢ € R, there is a unique constant a(c) € R such
that the above system has viscosity solutions. The function ¢ — a(c) is non-
increasing and Lipschitz continuous. In the appendix, the large time conver-

gence of the viscosity solution of evolutionary weakly coupled systems is proved
when x < 1.

1. Introduction and main results. The present paper focuses on weakly cou-
pled systems of Hamilton-Jacobi equations. In this paper, we assume that M is a
connected, closed (compact without boundary) and smooth Riemannian manifold.
We denote by T*M the cotangent bundle over M, and denote by | - |, the norms
induced by the Riemannian metric g on both tangent and cotangent spaces of M.
We also denote by D the spatial gradient with respect to x € M, and denote by
C(M) (resp. C(M,R?)) the space of R-valued (resp. R?-valued) continuous func-
tions on M. For i € {1,2}, let H; : T*M x R? — R be a continuous function. We
will deal with the viscosity solutions of

Hi(x,Dui(m),ui(m),uj(x)):O, reM, i,j¢€ {1a2}7 7’7&‘7 (11)
in this paper and thus we mean by “solutions” viscosity solutions. The unknown

function in (1.1) is (u1,u2) € C(M,R?). The system is weakly coupled in the sense
that every ith equation depends only on Du;, but not on Duj; for j # i. Studies
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on the system (1.1) and other related ones are motivated by searching for optimal
strategy of classical or random switching problems, see [13, 29] and the references
therein.

Definition 1.1. (Viscosity solution). An upper semi-continuous (u.s.c. in short)
(resp. lower semi-continuous (I.s.c. in short)) function (uy,us) : M — R? is called a
viscosity subsolution (resp. supersolution) of (1.1), if for each ¢, j € {1,2}, i # j and
test function ¢ of class C'!, when u; — ¢ attains its local maximum (resp. minimum)
at x, then

Hl(wv D¢($), ul(x), Uy (LE)) <0, (resp. Hl(xa Dd)(l’), ul(m)a u](x)) > 0)
A function (u1,u2) : M — R? is called a viscosity solution of (1.1) if its u.s.c. and
l.s.c. envelopes are respectively a viscosity subsolution and a viscosity supersolution.
In this paper, we only consider continuous viscosity solutions.
The standard assumption for (1.1) is the classical monotonicity condition:

o for any (J,‘,p) € T*M and (’U,l,UQ), (01,1}2) € RQ, if up, — o = maxlgigg(ui —

v;) > 0, then Hy(x,p,u1,u2) > Hy(x,p,v1,v2).

This condition implies that

H;(z, p,u;,uj) is increasing in u,; and nonincreasing in u; for each 4,5 € {1,2}, ¢ # j.

(1.2)
When the coupling is linear, that is, when H; has the form
2
H;(z,p,u1,u2) = hi(fﬁap)‘FZ)\ij(if)Uj» (1.3)
j=1
the classical monotonicity condition (¢) holds if and only if
2
Nij(@) <0ifi#j and Y Nij(z) >0 forall i € {1,2}. (1.4)
j=1
If the coupling matrix (A;j(x)) is irreducible, by (1.4) we have
)\11(1’) > 0, )\22(%) > 0, )\12(1’) <0, )\21(1‘) <0, (15)
and
/\11(56) + /\12(I) >0, )\QQ(ZE) + )\21(1‘) > 0. (16)

In the present paper, an existence result of solutions of (1.1) will be provided, where
(1.2) may not hold. From a theoretical point of view, this result can describe a more
general form of coupling. From the perspective of game theory, this can characterize
influence between players. The value function u;(z) of the ith player can depend
either increasingly or decreasingly on the value function u;(x) of the jth player.
The existence of solutions of (1.1) can be interpreted as the existence of equilibrium
points.
About the weakly coupled systems, there are several topics of concern:

e The stationary weakly coupled systems. For the existence theorems and the
comparison results, one can refer to [2, 11, 20], and [1, 16] for the second order
case. An algorithm was constructed in [26] which allows obtaining a solution
as the limit of a monotonic sequence of subsolutions. For the weak KAM
theory, one can refer to [8]. For the vanishing discount problem, one can refer
to [10, 17].



WEAKLY COUPLED HAMILTON-JACOBI SYSTEMS 3

e The evolutionary weakly coupled systems. The representation formula is pro-
vided in the deterministic setting by [19] and in the random setting by [9].
One can refer to [30] for the representation in view of the twisted Lax-Oleinik
formula. For the large time behavior, one can refer to [3, 5, 21, 23]. For the
homogenization theory, one can refer to [4, 22].
All the previous works mentioned above require the classical monotonicity condition
(0) except [19]. Particularly, most works focus on the linear coupling case with k
coupled Hamilton-Jacobi equations (k > 2), that is,

hi(z, Du;(x +Z)\U )=0, zeM, ie{l,... Kk} (1.7)
where for each i,5 € {1,.. .,k}, i # 7, we have
Xii(x) >0, Nj(z) <0, zk:/\il(a:) =0. (1.8)
=1
For the case k = 2 considered in the present paper, (1.7) becomes
hi(z, Du; (@ +Z>\” )=0, zeM, iec{l,2}. (1.9)

When (1.8) holds, (1.9) becomes

hi(xz, Du;(x)) + Ai(z) (ui(x) —uj(x)) =¢, xe€ M, i,j€{1,2}, i#j4. (1.10)
In general, (1.10) does not have solutions if ¢ = 0. It was proved in [8, Theorem
2.12] that there is a unique constant ¢ € R such that (1.10) has solutions. This

result is quite similar to the weak KAM theorem for single equations, cf. [12]. Since
(1.10) is a system, it is natural to consider the situation

hi(@, Dui(x)) + Ai(x) (ui(z) — u;(2)) = o,
where ¢; # co. This situation has been considered in [2, Theorem 1.3] when A; (z)

and Ay(z) are constants. A generalized form of this result will be given in this
paper.

1.1. Nonlinear coupling. The main assumptions of the Hamiltonians H; : T* M X
R? — R with 4,5 € {1,2} and i # j are given below.
(H1) H;i(z,p,u;, u;) is continuous.
(H2) H;i(z,p,u;,u;) is superlinear in p, i.e. there exists a function § : R — R
satisfying
. 0(r) .
lim — =+o00, and H;(z,p,0,0) > 60(|p|s) for every (x,p) € T*M.

r——4oo T

(H3) H;i(z,p,ui, u;) is convex in p.
(H4) H;(z,p,u;,u;) is uniformly Lipschitz continuous in w; and uj, i.e., there is
© > 0 such that

|Hi(z,p, ui, uj) — Hi(z,p,vi,v5)] < © max{lu; —vil, |u; — vy}

(H5) Hi(z,p,u;,u ) is strictly increasing in w;, there exists A;; > 0 such that for
all (z,p,v) € T*M x R we have

Hi(x,p,ui,v) — Hi(x,p,vi,v) > Ng(us —v5),  Vug > ;.


Here “that” is replaced by “the weak KAM theorem” to make the statement more accurate.
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(H6) H;(z,p,u;, u ) is strictly decreasing in w;, there exists A;; > 0 such that for
all (z,p,v) € T*M x R we have

Hi(xapv uivv) - Hi(l',p, 'Ui,'U) < _)\”(ul - ,Ui)7 Vul = Vi
(H7) there are two constants bjs > 0 and by; > 0 such that for all 4,5 € {1,2},
i # j, for all (x,v) € M x R and for all u; # v;,u; # vj,
H;(x,0,0,u;) — Hy(z,0,0,v;) Ui — Vi < b
u; — v; H;(z,0,u;,v) — Hi(x,0,v;,0) | = 7

In the proof of Theorem 1.3, as an intermediate step, we will replace (H2) by

(H8) H;(x,p,ui,u;) is coercive in p, i.e. lim,, 4o (infrenrr Hi(z,p,0,0)) = 4-o00.

Remark 1.2. Let H;(x,p, u;, u;) satisfy either (H5) or (H6). If there is a constant
Aij > 0 such that
|Hi(.1’,0,07u]‘) - Hi(.’L‘,0,0,’UjH < )\ijlu]‘ - ’Ujl, Ve € M, VUj,Uj eR,

then (H7) holds if we take b;; = \;;/Ai;. When the Hamiltonian H; is smooth, the
condition (H7) can be guaranteed by

M<bu Ve e M,V eR, Vi,je{l,2}, i#j
Bu Hi(w,0,0,0) | = i T , Yu,v,w , Vi, j 2}, 1 £
For the linear coupling case (1.3) with a continuous coupling matrix satisfying
Mi(z) # 0 and Ago(x) # 0, (H7) automatically holds, and the constants b;; in
(HT7) are given by
Aij (x)

b;; = max
* xeM

Now we define an important constant
X := b12bo1.

When x is small, the coupling is thought to be weak.

Throughout this paper, we call (I) the conditions (H1)(H2)(H4)(H5)(H7), and
(D) the conditions (H1)(H2)(H3)(H4)(H6)(HT). It is worth mentioning that, when
H;(x,p, u;,u;) is increasing in u;, the convexity assumption (H3) is not needed, see
Remark 1.7 below.

Theorem 1.3. The system (1.1) has viscosity solutions if each H;(x,p, u;,u;) sat-
isfies either the condition (I) or the condition (D), and x < 1.

Remark 1.4. To see what is new in the above theorem, let us consider the linear
coupling case (1.9). To apply Perron’s method [16, Theorem 3.3], (1.6) is not
enough, we need (1.5) and

)\11(1') + )\12(.%) > 0, )\22({,6) + )\21(1‘) > 0. (1.11)

Then one can take C' > 0 large enough such that (C,C) (resp. (—C,—C)) is a
supersolution (resp. subsolution) of (1.9). Comparing to (1.5), Theorem 1.3 can
handle the following cases

Case 1. )\11($) > 0,/\22(I) > O, Case 2. /\11(I) > 0, /\22({E) < 0,
Case 3. A\11(x) < 0, A22(z) > 0, Case 4. A\1(z) < 0, Aga(x) <0,
and Aj2(z), A21(x) are allowed to change signs. Let (1.5) hold. It is obvious that

(1.6) implies x < 1, and (1.11) implies x < 1. In Proposition 2.6 below, it will
be shown that Theorem 1.3 has nothing new compared to (1.11) when (1.5) holds.
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Although y < 1 and (1.11) are essentially equivalent, the condition x < 1 can
include more situations than (1.11), see (3.1) below as an example, where A1 (z) +
A12(z) = 0 and Ag2(x) + Ao1(x) > 0. Here is another simple example that cannot be
included in (1.11): A1 =1, Mg = =2, dog =4 and Ay; = —1. Here A\j1 + A2 <0
and x < 1. Let A(x) = (A\i(%))i jeq1,2) be the coupling matrix. When A(z) is a
constant matrix, and (1.5) holds, the condition y < 1 is equivalent to

det A = )\11/\22 - /\12)\21 > Oa

which is a better condition depending on the whole weakly coupled system compared
to (1.11). When (1.5) fails, the existence result in Theorem 1.3 is new.

Remark 1.5. By Lemma 2.7, the solution of (1.9) is unique when x < 1 and (1.5)
hold. When (1.5) fails, the uniqueness may not hold. Here is an example

{ |D'LL1‘2 + 2'LL1 — Uy = O,

|Du2\2 — 4UQ — Uy = 0,

where x belongs to the unit circle St ~ [~1,1). Then y = 1/8 < 1. The first
equation is increasing in uq, while the second equation is decreasing in uy. Let f(x)
be the restriction of 22 on [—1,1). There are two solutions of the above system:
ugl) = ugl) =0, and

uf = LW Df@), W = (VB 5)f()

Remark 1.6. The condition (H2) can be relaxed to (H8) when H; satisfies (H5)
for all ¢ € {1,2}. See Proposition 2.2 in Section 2.1. If there is i € {1,2} such that
H; satisfies (H6) and (H8), x < 1 must be replaced by a more complicated one, see
Propositions 2.8 and 2.12 below.

Remark 1.7. Consider the single Hamilton-Jacobi equation
H(z,Du(z),u(z)) =0, z€ M. (1.12)

(a) H(x,p,u) — H(z,p,v) > d(u—v) for all u > v and for some § > 0.

(b) H(xz,p,u) — H(z,p,v) < —d(u—v) fo u > v and for some ¢ > 0.
For Case (a), the existence of (the unique) solution of (1.12) is given by Perron’s
method. This is why (H3) is not needed when H; is increasing in u,. For Case (b),
the existence of solutions of (1.12) is given by Proposition A.4. The proof relies on
the solution semigroup, so the convexity of H in p is needed. This explains why we
need (H3) when H; is decreasing in w;. Different from Proposition A.4, we need the
Hamiltonian to be superlinear in p to get the existence of solutions of (1.1) when
there is ¢ € {1, 2} such that (H6) holds.

1.2. Linear coupling with monotonicity. For i,j € {1,2}, we assume that
hi : T*M — R and \;;(z) in (1.9) are continuous. Assume
(h1) hi(x,p) is coercive in p, i.e. limp|, o400 (infrens hi(w, p)) = +o00.

Consider the following Cauchy problem

2
Opui(x,t) + hi(x, Du;(z,t)) + Z Xij(@)uj(z,t) =0, € {1,2},

j=1

(1.13)
ui(z,0) = p;(x) € C(M).


Here the solution is actually unique.
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Theorem 1.8. Assume (h1)(1.5). When x < 1, the solution (vi,vs) of (1.9)
exists and is unique, and the unique solution (ui(z,t),us(x,t)) of (1.13) uniformly
converges to (v1,v2) as t — +oo for each continuous initial function (p1,p2).

Remark 1.9. The proof of Theorem 1.8 is a standard PDE argument, and is based
on the comparison principle, we provide it in Appendix B. When the coupling matrix
A(r) = (Nij(2))ijeq1,2) is independent of x € M, Theorem 1.8 implies the large
time convergence when (h1)(1.5) and

detA >0

hold. The large time behavior of solutions corresponding to (1.10) has been con-
sidered in [3, 5, 21, 23], where x = 1. Consider the solution u(z,t) of the single
Hamilton-Jacobi equation

Opu(x,t) + H(x, Du(x,t),u(z,t)) =0, (x,t) € M x (0,+00). L

u(z,0) = p(x), =z € M. (1.14)
When H (z,p,u) is strictly increasing in u, then the solution v(x) of (1.12) is unique
by [7, Theorem 3.2]. By [27], u(x,t) uniformly converges to v(z) as t — +oo for all
initial function . Theorem 1.8 generalizes these results to weakly coupled systems.

Now we assume
(h2) h;(x,p) is locally Lipschitz continuous.
(h3) h;(x,p) is strictly convex in p.
Assumptions (h2) and (h3) guarantee the semiconcavity of viscosity solutions. In
the following, we assume that A;(z) and Ay(z) are two positive functions on M,
and are Lipschitz continuous.

The following result generalizes [8, Theorem 2.12] for weakly coupled systems
with two Hamilton-Jacobi equations. It also generalizes [2, Theorem 1.3] in the
case where A;(z) depends on x. In this case, x = 1.

Theorem 1.10. Assume (h1)(h2)(h3). For each ¢ € R, there is a unique constant
a(c) € R such that

{ hi (@, Duy(2)) + A (2)(ur (2) — ua(z)) =,

hg(ﬂ?, DUQ(QJ)) + Ag(x)(u2(g;) _ ul(ﬂf)) _ O((C). (115)

admits viscosity solutions. The function ¢ — «(c) is nonincreasing with the Lips-
chitz constant max e nr Ao(x)/ mingeps A1 ().

The following result has been given by [2, Theorem 1.3]. We will prove it in
Section 3 as a corollary of Theorem 1.10.

Corollary 1.11. If Ay(z) and Ax(z) are constant functions, then a(c) = «(0) —
(AQ/Al)C.

By the continuity, there is a unique constant ¢y € R such that a(cp) = ¢o. We
have the following result, which is covered by [8, Theorem 2.12].

Corollary 1.12. There is a unique constant ¢y € R such that
hi(x, Du(x)) + Ai(z)(ui(x) —u;(x)) = co, @€ M, i,j€{1,2}, i#j

admits viscosity solutions.


“For each c ∈ R” is added to make the statement clearer.
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1.3. Examples without monotonicity. If the assumption (1.5) does not hold,
the existence of solutions of (1.9) with x = 1 and the large time behavior of solutions
of (1.13) with x < 1 remain unsolvable. In this section, several examples are
provided showing the complexity of the non-monotone cases.

Example 1.13. Consider

h(z, Dui(x)) +ui(x) + uz(z) = cq, (1.16)

h(zx, Dug(x)) + ua(z) — u1(x) = co. '

Then x = 1 and (1.5) fails. Let up be the unique solution of h(x, Du) + 2u = 0.

Then for each (c1,¢2) € R?, the pair (up + 95, ug + <£2) is a solution of (1.16).

Therefore, one cannot expect the uniqueness of ¢o for given ¢; as in Theorem 1.10
when x =1 and (1.5) fails.

Example 1.14. For single Hamilton-Jacobi equations, when H(x,p,u) is strictly
decreasing in u, the large time behavior of solutions can be complicated, see [28].
Here we give an example of time periodic solutions of weakly coupled systems where
x < 1 and (1.2) does not hold. Let S be the unit circle, and (z,t) € S* x (0, +00).
Let k > 0, consider

Opuy + H(x, Duy, 2u; —ug/k) =0, L1

8tu2+kH(x,Du2/k;,2u2/k—u1):0. ( ’ )
where H(z,p,u) satisfies the assumptions in [28], then there are two constants ©
and § such that —© < 9H/0u < —§ < 0. We have

 A2dar ©?

A1 =20, A2=0/k, Awn=20/k, Iy =06,

AREPYI VP EL
We take § < © < 2§, then x < 1. According to [28], there are infinitely many time
periodic viscosity solutions of

Opu(z,t) + H(x, Du(z,t),u(x,t)) =0, (x,t) € M x (0,+00). (1.18)

Let ¢(x,t) be a non-trivial time periodic solution of (1.18), then (u1,uz2) = (¢, ky)
is a non-trivial time periodic solution of (1.17). Therefore, one cannot expect the
large time convergence as in Theorem 1.8 when x < 1 and (1.2) fails.

Example 1.15. When x € (1,40c], the large time behavior can be even more
complicated. Let S' be the unit circle, and (x,t) € St x (0, +00). Consider

Oy + |Duy|? +uf —ug —1 =0,
Opug + |Dugl® +u3 4+ u; —1=0.

For the system above, [0y, H;/0y,H;| = 1/|2u;| — 400 as u; — 0. The above
system has the following time-periodic solution

{ uy = sin(z + t),

ug = cos(z +t).

The two components of the non-trivial time periodic solution given in Example
1.14 are essentially the same. In this example, the two components of the solution
are essentially different. In addition, the author believes that the time periodic
solutions of the weakly coupled Hamilton-Jacobi systems can describe the dynamic
equilibrium of differential games with multiple types of players. For related topics,
see for example [25].
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This paper is organized as follows. Theorem 1.3 is proved in Section 2. Theorem
1.8 is proved in Appendix B. Theorem 1.10 and Corollary 1.11 are proved in Section
3. Appendix A provides some facts about viscosity solutions of single Hamilton-
Jacobi equations depending Lipschitz continuously on the unknown function. These
results are useful in the proof of Theorem 1.3.

2. Proof of Theorem 1.3. In this section, we divide the proof of Theorem 1.3
into three different cases. We first relax the superlinearity condition (H2) to the
coercivity condition (H8). Then we complete the proof of theorem 1.3 under (H2).
In the following, we call (I’) the conditions (H1)(H4)(H5)(H7)(H8), and (D’) the
conditions (H1)(H3)(H4)(H6)(HT7)(H8). Since either (H5) or (H6) is assumed to be
hold, the classical monotonicity condition (¢) can be thought to be replaced by a
distinct type of monotonicity.
The strategy of the proof is as follows.
e Considering the single equation Hy(z, Du,u,0) = 0, we can obtain a solution
ul.
e Considering the single equation Hos(z, Du,u,ud(z)) = 0, we can obtain a
solution u}.
e Considering the single equation Hj(z, Du,u,ul(z)) = 0, we can obtain a
solution u}.

Let this process continue. We get the following iteration procedure forn =0,1,2,...

Hy (2, Duf (2), uf (2), u3 () = 0,
Hy(, Du ™ (2), ™ (1), (1)) = O,
where u = 0. We are going to prove that there is a subsequence of (uf,u})
converges uniformly to a pair (u,v). By the stability of viscosity solutions [12,
Theorem 8.1.1], the limit (u,v) is a solution of (1.1).
Assume that H; : T*M x R? — R satisfies (H1)(H3)(H4)(H8) for each i € {1,2}.
The Lagrangian associated to H;(x,p, u;, u;) is defined by

Li(xv ‘fba Uy, uj) = Sup {<xap>:n - Hi(xvp7 Uy, ’LL]')}, (21)
peTx M
where (-, ), represents the canonical pairing between the tangent space and cotan-

gent space. Similar to [15, Proposition 2.1], one can prove the local boundedness of
L;(z,%,0,0):

Lemma 2.1. There exist constants § > 0 and C > 0 independent of i such that for
each i € {1,2}, the corresponding Lagrangian L;(x,%,0,0) satisfies
Li(x,4,0,0) < C, V(x,%) € M x B(0,0).

Here B(0,0) the closed ball given by the norm | - |, centered at 0 with radius 6.
Define p := diam(M)/d, where diam(M) is the diameter of M.

Let ©, C, v and b;; be the constants defined in the basic assumptions (H4)(HT)
and Lemma 2.1. In this section, we define

H; = ||H;(2,0,0,0)||c0, A:=0Oue®", B:=Cue®, by:=(1+Ab;+ A

and
K :=biaba1, K :=biaba1, F := biabar.
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2.1. Increasing-increasing case. In this section, we will prove

Proposition 2.2. The system (1.1) admits viscosity solutions if H;(x,p, u;, u;)
satisfies (I’) for each i € {1,2}, and biaba; < 1.

Lemma 2.3. For each i € {1,2} and v(xz) € C(M), there is a unique viscosity
solution u(zx) of
H;(z, Du,u,v(z)) = 0. (2.2)
Moreover, we have ||u(z)||s < )\%iHi + b3 || oo -
Proof. By (H7) we have
|H;(x,0,0,v(x)) — Hi(z,0,0,0)| - bij||v]so
< bij (Hi(@, 0, bij|vlloc, v(2)) — Hi(2,0,0,v(x))) v ()]
< (Hi(z, 0,50l 00, v(2)) — Hi(2,0,0,0(2)))bij[|v]loc, Yz € M.
Therefore, we have
|H;(x,0,0,v(z)) — Hi(2,0,0,0)| < H;(x,0,b;]|v]o0, v(x)) — Hi(x,0,0,v(z)). (2.3)
Similarly, we have
|H;(2,0,0,v(x))—H;(x,0,0,0)| < Hi(z,0,0,v(x))—H;(x,0, =b;;||v]| 0, v(z)). (2.4)
By (H5) and (2.3) we have
Hi(w, 0,1~ L, + bijl|v]loo, v(@)) — Hi(z, 0, bij|v]| oo, v())
+ H;(x,0,b5]|v| o0, v(2)) —Hi(2,0,0,v(x))+H;(z,0,0,v(x)) — H;(z,0,0,0) > H;.
By (H5) and (2.4) we have
H;(x,0,0,0) — H;(2,0,0,v(z)) + H;(x,0,0,v(x)) — Hi(z,0, —bi;||v|| 00, v)

+ Hi(x, O, —bin’UHOO,’U) — Hi(x,O, — Hl — b”H’UHOO,’U(Z‘)) Z Hi.

1
Aii
Thus for every x € M, we have

1
Hi(x707 7H1 + bz_]HUHOOa U(x)) 2 07

Aii
and )
Hi(xvoﬂ _rHi - bij”””oo; v(x)) <0,
ii
which implies that —H; + b;;|v|oc (resp. —5=H; — bij]lv]|s) is a supersolution

(resp. subsolution) of (2.2). Therefore, the viscosity solution u(z) of (2.2) exists
by Perron’s method, see [14]. The continuity of u(z), the uniqueness of u(z) and
()] oo < Al H; + b;||v||oo are given by the comparison principle. O

Lemma 2.4. Forn=1,2,..., we have

n n—1
[uf oo < Z/‘i +b12 ZH
=0
and

us ™ | < ZH +b21 Zml.
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Proof. We prove by induction. We first prove the Lemma when n = 1. By Lemma
2.3, we have

H
0 < 401
[ug ()]0 < W
H H H
L) oo < o2 4 by [[60(2) || g < ~2 + o —t
[lug ()]0 < oo + bai [|lui(z) || < py + 23]
H H;, H
ud (@)oo < = + brzflub (@)oo < T (1 + &) + b2
A1l A1 Ao
H, H, H;
[ (2)]|oo < + bar [Jui (@) llso < ~=(1 + K) + bar— (1 + k).
)\ A2 A1

Assume that the assertion holds true for n = k — 1. We prove the Lemma when
n = k. By Lemma 2.3, we have

H;y

luf ()]0 < I +bizfluz (7)o

H k—1
< )\7111(1—5-1312[)212/% +b12 Z,‘{
= ZKZ + b12 Z K

and -
2
o™ ) < 2+ b )
k— k
Hy T I
< —=(1+ barb1a b1 —
= +211§ +21/\11§F6
= Zli + b21 Zfi
The proof is now completed. O

Lemma 2.5. Let h: T*M — R satisfy (h1). Given c € R. Then all u.s.c. viscosity
subsolutions of
h(z,Du) =¢, x€ M. (2.5)

are equi-Lipschitz continuous.

Proof. Since the discussion is local, we assume that M is an open bounded subset
of R™. Let w be an u.s.c. subsolution of (2.5). By definition, for test function ¢ of
class C1, when w — ¢ attains its local maximum at x, we have h(x, Dé(x)) < c. By
(h1), there is k > 0 independent of x such that || D¢(z)| < , where | - || is a norm
in R™. Thus, |Dw(x)| < & holds in the viscosity sense. By [18, Proposition 1.14],
w is Lipschitz continuous with the Lipschitz constant . O

Proof of Proposition 2.2. By assumption we have x < 1. By Lemma 2.4, both uf
and u¥ are uniformly bounded by a constant K > 0 independent of n. By (H4) we
have

H;(z, Du}(x),0,0) < OK
in the viscosity sense. By Lemma 2.5, (u},u%) is equi-Lipschitz continuous. By the
Arzela-Ascoli theorem, there is a subsequence of (u},u}) converges uniformly to a
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pair (u,v). By the stability of viscosity solutions, the limit (u,v) is a solution of
(1.1). @ O

Proposition 2.6. The existence of a wiscosity solution of (1.9) can be proved by
Perron’s method when (1.5) and bizbey < 1 hold.
Proof. Taking r > 0, we have
hi(z,rD(uy/r)) + A1 (x)r(ur/r) + Aa2(x)ug =0,
{ hao(x, Dug) + Aaa(x)us + Aoy (x)r(uy/r) = 0.
Let v = uy/r, then the pair (v1, us) satisfies
hi(x,rDvy) + rA1(x)vy + Aa(z)us = 0,
{ hao(x, Dug) + Aaa()us + rAa1(z)v1 = 0.
We take r > b1 > 0. Then
rA11(2) + Ar2(x) > biaAi1(x) + Aa(z) > 0.

By x < 1, we also have
77‘)\21(1')
Ao ()
when 7 is close to by2. Then we get Aaa(z) + 7A21(z) > 0. Therefore, (1.11) holds
for the pair (v, us). The existence of (v, us) implies the existence of (uy,us). O

S?“b21<1,

In the following, we write (u1,us) < (v1,v2) (resp. (uy,us) > (vi,v9)) if ug < vy
and uy < wy (resp. u; > vy and us > wvg). Same for (ug,us) < (v1,v2) and
(ul,u2) > (’Ul,UQ).

By [8, Proposition 2.10], we have
Lemma 2.7. Assume (1.5) and biabay < 1. Let (01, 02) (resp. (01,72)) be a contin-
uous subsolution (resp. supersolution) of (1.9), then (01,02) < (01,02). Moreover,
the solution of (1.9) is unique.

2.2. Decreasing-decreasing case. In this section, we will prove

Proposition 2.8. The system (1.1) admits viscosity solutions if H;(x,p,u;, u;)
satisfies (D’) for each i € {1,2}, and there is p > 0 as mentioned in Lemma 2.1,
such that

(14 ©ue®)b1z + Ope®) (1 + Oue®*)by + Oue®) < 1. (2.6)

If H;(xz,p,ur,us) satisfies (D’), the comparison principle does not hold. There-
fore, one can not obtain similar results as in Lemma 2.3 directly.
Lemma 2.9. For each i € {1,2} and v(z) € C(M), the viscosity solutions of (2.2)
exist. For each viscosity solution u(z) of (2.2), we have

H. -
(@)oo < (14 A)3= + bigl|vlloc + B.

Proof. We first show the existence of viscosity solutions of (2.2). By Proposition
A4, we tern to consider the following equation

F;(x, Du,u,v(x)) =0, (2.7)

where F;(x,p,u;, u;) := H;(x,—p, —u;,u;). By the definition of F;, one can easily
check that || F;(2,0,0,0)|lcc = ||H;(x,0,0,0)]| 00,

Fi($7p7 ui7u) - Fi($>p7 Ui;u) Z )\ii(ui - Ui)a vuz Z Vi, (map7 u) S T"M x R?


Lemma 2.7 below shows that this solution is actually unique.
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and for all (z,v) € M xR, u; # v;,u; # v; € R,

Fi($,0,0,Uj) _Fi(l‘,(),(),’l)j) U; — Uy
u] 7Uj E(IE 0 ui?”) - Fi(xvoaviav)

< bij.

By Lemma 2.3, s-H; + bjj||v]|oc (resp. —5—H; — b;;]|v]|0) is a supersolution (resp.
subsolution) of (2 7). By Perron’s method the viscosity solution u_ of (2.7) ex-
ists, which implies the existence of viscosity solutions of (2.2) by Proposition A.4.
Moreover, we have ||u_|o < %Hi + bij||v|lc. By Proposition A.5, we conclude
that

[u(@)llso = Il = villoo < (1+Ope®)|Ju-oc + Cre® + 9u€@“||v(w)lloo
1
< (1+A)(rHi+big‘||UHOO)+B+A||U(IE)HOO (1+A) +bw\|v||oo+B
where vy is a forward weak KAM solution of (2.7). O
Lemma 2.10. Forn=1,2,..., we have
H — B n—1
H%WM_X1+A, §:n—+m21+¢1x;§: R +bip Y BB,
= 1= 1=0
and
H n H n n B n
[l oo < (1 + A) /\—Z 1+A)/\—1 A+ (O F +ban Y F)B.
2920 =0 1=0 1=0

Proof. We prove by induction. We first prove the Lemma when n = 1. By Lemma
2.9, we have

H
1 (@)l < (1+ A)= + B,
)\11
1 H2 T 0
Jub(e)loe < (14 A) £ + Bor o) o + B

H _ H _
<@ +A))\72 + bay (1 +A)>\71 +(1+b21)B
11

nﬁ@mm_<+A5 + i ud(@)lloe + B

< (1 +A) (1+~)+b12(1+A)—+(1+m+b12)

)\11 )\22

n@wmm_<+Ah + ol (@)l + B

S+ AT 4R + b1+ A (4 F) + (14 A b (1 +7)B.

)\22 11

Assume that the assertion holds true for n = kK — 1. We prove the Lemma when
n = k. By Lemma 2.9, we have

H - .
H%ummsa+A5i+mm@umw+B

l
(1+A))\ 1+b12b212 +b12 1+A))\ ZK

=0
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k—1 =
+b12(z R+ by i)B+ B
1=0 1=0
k H, "7 k k-1
17 71 =l 7 )
(1+A)/\ > R 4 by (1+A)>\—22 B+ (O R +bi) R)B,
1=0 1=0 1=0 1=0
and
k1 Hy | 7 1 &
Jug ™ (2)lloo < (1 + A)/\Tz + bar[[uy (@)oo + B
k—1 k
H, - H
< (L4 A) 2 +babiz D &) + b (1+A) > &'
>\22 >\11
1=0 1=0
ok k—1
+ by Z b1z Z #)B+ B
1=0 1=0
H, & ) k k k
(1+A)/\—Zkl+b21(1+A))\—lzf%l O &+ > R
20 =0 1=0 1=0
The proof is now completed. 0

By assumption we have & < 1, both u} and u% are uniformly bounded with
respect to n. Similar to the proof of Proposition 2.2, there exists a viscosity solution
of (1.1). The proof of Proposition 2.8 is now complete.

It remains to prove the existence of solutions of (1.1) where (H8) is replaced by
(H2), and (2.6) is replaced by bioba1 < 1. If H;(x,p,u;, u;) satisfies (H2) instead
of (H8), then L;(x, &, u;,u;) is finite for all & € Ty M. If biobay < 1, one can take
i > 0 as mentioned in Lemma 2.1 sufficiently small such that (2.6) holds. The proof
of Theorem 1.3 when both two equations in (1.1) are decreasing in the unknown
function is now complete.

Remark 2.11. It is natural to ask if we can prove the existence of solutions of (1.1)
when y < 1 and (H8) holds instead of (H2) by modification. Let K > 0, define

H-K(:L’,p, uiauj) = Hi(‘r7p7 uiauj) + max{|p|§ - K2,0}-

Denote by (uf,uff) the solution of (1.1) with H; equaling HX. We hope that
(uf, uL) uniformly converges as K — +oco. However, the constant B in Lemma
2.10 is not uniformly bounded with respect to K for small y > 0. We cannot prove
that (ufS,ui) is uniformly bounded.

2.3. Increasing-decreasing case. Without any loss of generality, we assume that
H, (z,p,u1,us) satisfies (I') and Ha(x, p, ua,u1) satisfies (D’) in this section.

Proposition 2.12. The system (1.1) admits viscosity solutions if there is u > 0 as
mentioned in Lemma 2.1 such that

bia ((1+ Ope®*)bay + Oue®*) < 1. (2.8)
Lemma 2.13. Forn=1,2,..., we have

n—1
”ulH‘”STZ“ + b1a( 1+A Z +b12BZ,~€l7

=0 =0 =0
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and
n n

n
Juy ™ oo < ( 1+A Z @ZngZfd
=0 Y 1=0 1=0

The proof of Lemma 2.13 is quite similar to that of Lemmas 2.4 and 2.10, we omit
it here for brevity. By assumption we have & < 1, both u} and uf are uniformly
bounded with respect to n. Similar to the proof of Proposition 2.2, we can prove
Proposition 2.12.

It remains to prove the existence of solutions of (1.1) where (H8) is replaced by
(H2), and (2.8) is replaced by biaba; < 1. The proof is quite similar to that in
Section 2.2, based on the boundedness of L;(x, &, u;, uj).

The proof of theorem 1.3 is now complete.

3. Proof of Theorem 1.10. The strategy of the proof of Theorem 1.10 is as
follows. We use the vanishing discount method. Let € > 0, ¢ € R and (u§, u§) be a
viscosity solution of

hi(z, Duy(z)) + A1 () (u1(z) — uaz(z)) = ¢, (3.1)

ho(x, Dus(x)) + eug(x) + A () (uz(z) — ui(x)) = 0. ’
Proposition 2.6 and Lemma 2.7 imply the existence and the uniqueness of the
viscosity solution (u§,u5) of (3.1). We will prove that cu§(z) is uniformly bounded
and (u§, u§) is equi-Lipschitz continuous for all £ > 0. Then for fixed xy € M, there
exists a sequence £ — 07 such that the pair (uf*(x) — u3* (xo) S (x) — udk (x))
uniformly converges to a viscosity solution of (1.15) and —ejus (xo) — a(c) e R.
Step 1. We first prove that for given ¢ € R, there is a unique constant a(c) € R
such that (1.15) admits viscosity solutions. Without any loss of generality, we may
assume ¢ = 0 after a translation.

Lemma 3.1. The family {eu§(x)}eso is uniformly bounded with respect to €.

Proof. Let x1 be a minimum point of uj(x). Let 22 be a minimum point of u§(z).
By Lemma 2.5, since (u§, u§) is bounded for fixed € > 0, u is Lipschitz continuous.
Then u is semiconcave for each i € {1,2} by [6, Theorem 5.3.7]. Therefore, for
each i € {1,2}, u is differentiable at z;, and DuS(z;) = 0. Plugging into (3.1) we
have

hi(21,0)+A1 (1) (uf (22) —u3(x2)) > ha(z1,0)+ A1 (21)(uf(z1)—u5(21)) = 0, (3.2)

and

hg(ﬂ?g, 0) + €Ug(x2) + AQ(.TQ)(US(ZQ) — ’U,Ei: (352)) =0. (33)
Multiplying (3.2) with As(z2)/A1(z1) and adding with (3.3), we get
As(72)

5 >
Al(xl)hl(ﬂfl, O) + hz(l‘g, 0) + Eu2($2) >0,

which implies
cuy(w) = eus(w2) = —(el[h (2, 0)[loc + [[h2(z,0)]lo0)-

where ¢ := max,ep Ao(x)/ mingens Aq ().
Since both u§ and u§ are semiconcave, for all € > 0 and each ¢ € {1, 2}, there is
a point y; such that uf is differentiable at y;, and

ui (y:) 2 max u; (z) —e.
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Plugging into (3.1) we have

ha(yr, Dui(y1)) + Ar(yr)(ui(y2) — u3(y2))
< ha(yr, Dui(yr)) + Ar(yr) maxui(e) — Au(y)(uz(y1) —€) (3.4)
)

< hi(y1, Dui(y1)) + A1 (yn) (ui(yr) — us(y1)) + 2A1(y1)e = 2A1(y1)e,

and
ha(y2, Du3(y2)) + eus(y2) + Aa(y2)(u3(y2) — ui(y2)) = 0. (3.5)
Multiplying (3.4) with A2(y2)/A1(y1) and adding with (3.5), we get
A (y2)

hi(y1, Duf(y1)) + ha(y2, Dus(y2)) + cus(y2) < 2A2(y2)e,
Ay (y1)

which implies

eus(z) <e max us(x) <

min h2(1'7p)‘+(2||A2(LE)HOO+€)€.

min  hy(z,p)|+
1( P)‘ (o) eT* M

(z,p)€T*M

Let € — 0%, we get

min  hy(z,p)| +

cus(z) <
2(7) < (@,p)ET* M

b ha(e,
o 2(z,p)

By (hl), ming pyer=ar hi(z,p) is finite for each i € {1,2}. Therefore, cus(z) is
uniformly bounded with respect to e. O
Lemma 3.2. Both u§ and u5 are equi-Lipschitz continuous with respect to ¢.
Proof. Multiplying the first equality of (3.1) with Aa(z)/A1(z) and adding with the
second equality of (3.1), we get
A
R0 (0, Dui(2) + ha(e, Dus () = —eu3 @),
Ai(z)
which implies
e, Dui(e) < (1,0l + a0l + | i aGep)] )
(z,p)eT*M

and

ha(x, Dus(x)) < tflh1 (2, 0)loc + [[h2(2,0)[loc +¢

i h b 9
i p>|

where 7 := max,epn A1 (x)/ mingepsr Ao(z). Thus, both u§ and u§ are equi-Lipschitz
continuous with respect to € according to Lemma 2.5. O

Fix 2y € M and define

The pair (a5, u5) satisfies

h(x, Dus(x)) + Ay (z)(43 (z) — a5(x)) = 0,
ha(x, Dus(x)) + ety () + Az () (uf (x) — uz(x)) + eus(zo) = 0.

Since || Du5 || is uniformly bounded almost everywhere, according to the first e-
quality of (3.1), 45 (x0) = uj(xo) — u§(zo) is uniformly bounded with respect to .
We also have @5(z¢) = 0. Thus, both @f(x) and @5(z) are uniformly bounded and
equi-Lipschitz continuous with respect to e. We have also proved that —eu§(xo) is
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bounded. Therefore, there exists a sequence &, — 0T such that the pair (a5*,a5*)
converges to (u,v) uniformly, and —e,us®(x¢) converges to a constant dy € R. Ac-
cording to the stability of viscosity solutions, the limit (u,v) is a viscosity solution
of (1.15) with ¢ = 0 and a(c) = do.

We now prove that dg is the unique constant such that (1.15) admits solutions.
Here we still set ¢ = 0. Assume there are two different constants d; < ds such that
(1.15) has a solution (ug,us) (resp. (v1,v2)) with a(c) = dy (resp. a(c) = da).
When ¢ > 0 is small enough, we have dy + cus < do + cvy. Noticing that for k& € R,
the pair (u; + k,u2 + k) also solves (1.15) with ¢ = 0 and a(c) = dy. Let kK > 0
large enough, we may assume (v1,v2) < (ug,us). We get

hi(xz, Duy) + Ay (x)(ug —ug) =0,
ha (2, Dug) + eug + Az (2)(ug — 1) = di + cug < dy + €vs.

According to Lemma 2.7, we have (u1,uz2) < (v1,v2), which contradicts (v1,v9) <
(u1,us).

Step 2. We now prove the properties of the function a(c). Let (u7“,u5“) be the
viscosity solution of (3.1). We take ¢; > ¢o. By Lemma 2.7, us® > uy“. By
Step 1, a(c) is the limit of a converging sequence —erus"“(x). Therefore, we have
afcr) < aez). Define

maxgep Ao(x) + €
emingep Aq(z)

Ky maxzen Az (z)

(c1 —c2), Kp:=

 emingens Ay () (e1 = e2).

Then we have
hi(z, Dui ) + Ay (z) ((uT — K1) — (u3® — K2))=c1 + A (2) (K2 — K1) < ¢a,
ho(z,uy™) + (A2(2) + ) (uy™ — Ka) — Ag(z)(uy™ — Ki)
= Ag(z)(K; — Kp) —eK3 <0.

sC1

which implies u5* — uy“> < Ky by Lemma 2.7. Consider the following identity

a(er) — alee) = [aler) + euy | + [euy® — euy '] — [euy™ + alca)].

Since both euy“* and euy® are sequentially compact, there is a sequence e — 0

such that exus™ tends to —a(c1) and epus™ ™ tends to —a(ce). For each € > 0,
we have

,C2

_ maXgye pm A2 (.73)

euy? —euy > —eKy = (c1 — ca).

mingenr Aq(x)
We conclude that
maxgens Az ()

- 1 —c) <alcg) —ale) <0, Ve > co.
mlnxeMAl(x)(l 2) < afcr) — ale) 1> ¢

At last, we prove Corollary 1.11. When A;(z) and Ay(z) are constants, we have
uy ™ —uy? = Ky with Ky = EATQI(CI — ¢3). Therefore, the function a(c) is linear,

with the slope —As/A;.

Remark 3.3. In the proof of Theorem 1.10, we showed that there is a sequence
e — 07 such that (af*,@3") converges. Without any loss of generality, we assume
¢ = a(c) = 0 up to a translation. Let (u§,u§) be the viscosity solution of (3.1)
with ¢ = 0. Tt is natural to ask whether (u§, u§) converges to a viscosity solution of
(1.15) uniformly as € — 0F. The situation here is different from that in the previous
works on the vanishing discount problem. The discounted term cus only appears in
the second equation. Since we are not dealing with the vanishing discount problem
in this paper, we will not discuss this problem here.
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Appendix A. Single Hamilton-Jacobi equations. Assume that H; : T*M X
R? — R satisfies (H1)(H3)(H4)(H8) for each i € {1,2}. Taking v € C(M). We
collect some facts given by [24] in view of the Hamiltonian defined by

H(x,p,u) := H;i(z,p,u,v(x))

for sake of completeness. In fact, if H;(x,p, u;, u;) satisfies (H1)(H3)(H4)(H8), then
H(x,p,u) satisfies the basic assumptions in [24], i.e. continuous in (z,p,u), convex
and coercive in p, and uniformly Lipschitz continuous in u. Correspondingly, one
has the Lagrangian associated to H:
L(z,2,u) := sup {{&,p). — H(xz,p,u)}.
peTy; M

Remark A.1. The Lagrangian L(z,&,u) equals to L;(x, 2, u,v(x)), where L; is
defined in (2.1). One can check that L;(x,&,u;, u;) is also uniformly Lipschitz
continuous in u; with the Lipschitz constant ©. Let § > 0 and C' > 0 be the
constants defined in Lemma 2.1, then

L(z,#,0) = Li(z,%,0,v(z)) < C + O|v(2)| 0, VY(z,%) € M x B(0,9).

Proposition A.2. [24, Theorem 1] The backward solution semigroup

Trpa) = inf {@(V(O)H / L(V(TM(TLTTw(v(T)))dT}

y(t)=x
is well-defined. The infimum is taken among absolutely continuous curves vy :
[0,t] = M with y(t) = x. If v is continuous, then u(x,t) :=T, p(x) represents the
unique continuous viscosity solution of (1.14). Define the forward solution semi-
group by T;F ¢ = —T; (—), where T, be the backward solution semigroup corre-
sponding to L(x,—%,—u).

Following Fathi [12], we introduce the forward weak KAM solutions.
Definition A.3. A function uy € C(M) is called a forward weak KAM solution
of (1.12) if —uy is a viscosity solution of

H(x,—Du(x), —u(x)) = 0. (A1)
Proposition A.4. [24, Theorem 3] Assume there is a viscosity solution u_ of
(1.12), then T; u_ is nonincreasing in t, and converges to uy uniformly. Thus, the

existence of viscosity solutions of (A.1) is equivalent to the existence of viscosity
solutions of (1.12). Moreover, the projected Aubry set with respect to u_

T, ={zeM: u_ = lim T, u_}

t——+o0

s nonempty.

In the following, we assume that H;(x,p, u, u;) is strictly increasing in u, then so
is H(x,p,u). If there exists a viscosity solution u_ of (1.12), then by [7, Theorem
3.2], it is unique.

Proposition A.5. Let vy be a forward weak KAM solution of (1.12), then the set
Ty, ={reM: vi(r)=u_(2)}
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is nonempty. Moreover, we have
u—(y) = (C + Olv(@)lloo + Ollu—lloc) e < vi(x) Su_(2), yE€TLy,.
where C > 0 and p > 0 are constants given in Lemma 2.1.

Proof. Since u_ is unique, by Proposition A.4, u_ = lim;, T} v+ for each for-
ward weak KAM solution vy, and Z,, is nonempty.

Since v < u_, we only need to show that v has a lower bound. We take y € Z,,,
and x € M, then vi(y) = u_(y). Let « : [0,u] — M be a geodesic satisfying
a(0) = z and a(p) = y with constant speed, then ||&| < d. If vy(x) > u_(y), then
the proof is finished. If vy (z) < u_(y), since vy (y) = u_(y), there is o € (0, ] such
that vy (a(o)) = u—_(y) and vi(a(s)) < u—(y) for all s € [0,0). By [15, Proposition
2.5], we have

v (a(0)) —vi(a(s)) < /J L(a(7), &(7), vy (a(T)))dr,

which implies
w-0) = ve(a(e) < [ Llalr).d(r). o alr)ir
</:L(a(7) a(r),u d7+6/ ) = vi(a(7)))dr
< Lo+ © [ (u-(y) -~ osalr)ir

where
Lo :=C+0v(@)]cc + Ot
Define G(o — s) i= u—(y) — v4+(a(s)), then

G(o—s) < Lop+ @/ G(7)dr.
0

By the Gronwall inequality we get
u_(y) — vy (a(s)) < Lope®?™) < Loue®*, Vs e [0,0).
Therefore v, (x) > u_(y) — Loue®*. O

Appendix B. Proof of Theorem 1.8. Let (ug,us) be the solution of (1.13). We
take > b2 > 0 to be close to b1a. Define v1 = uy/r, then the pair (v1,ug) satisfies

01 + 1 hy (2, 7Dvy) + A (2)vr + 7 Ao (@) ug = 0,
8tu2 + hg(d), D’LLQ) + )\QQ(I’)UQ + 7")\21(50)’01 =0.

Similar to Proposition 2.6, we get A11(x) +7 " A12(x) > 0 and Aga(x) +7A21(2) > 0.
In all the following proofs, we always assume (1.11), since u; = rvy, 7 > 0 and
(v1,ug) satisfies (1.9) with (1.11) holds. If (v1,uz2) converges as ¢ — +oo, then
(u1,us) also converges. The proofs of Lemmas B.1 and B.2 are standard, for similar
results, one can refer to [9, Appendix A.1]. It is worth mentioning that Lemmas
B.1 and B.2 also hold when x < 1.



WEAKLY COUPLED HAMILTON-JACOBI SYSTEMS 19

Lemma B.1. Assume (h1) (1.5) and x < 1. For each T > 0, let (uy,us2) (resp.
(v1,v2)) be a bounded u.s.c. subsolution (resp. bounded l.s.c. supersolution) of

2
Opui + hi(x, Dug) + Y Nij(x)u; =0, i€ {1,2}, (2,t)€Mx(0,T) (B.1)
j=1

with (u1(z,0),uz(x,0)) < (¢1,92) (resp. (v1(x,0),v2(x,0)) > (p1,92)). If either
(u1,u2) or (vi,vs) is Lipschitz continuous, then u; < v; fori € {1,2}.

Proof. The proof is a standard doubling variable method. We argue by contradic-
tion. Assume max;e(1,2} MaX(z ¢)errxfo,7](wi(2,t) — vi(x,t)) > 0. Then there is a
small constant 77 > 0 such that
M := max max u;(x,t) —nt —v;(x,t)) > 0.
ie{1,2} (z,t)EMx[O,T]( (@,8) = (z,))

This maximum can be attained at (xg, to, %) with tg € (0,7, since M x [0,T] is
compact, and u;(z,0) < v;(z,0) for ¢ = 1,2. Choosing a chart around g, we can
assume zg = 0 and that M is an open bounded subset U of R™. Define

2 2
— t —
. “T y| o | S| _ |£E|2 —nt,

\I/(x,y,t,s,j)zuj(x,t)—vj(y,s) 20 2/”'

where a and p are positive constants. In the following, we are going to take o, u — 0.
The function ¥(z,y, s,t,j) is upper-semicontinuous, then the maximum of ¥ can
be achieved at (7,7,35,t,7) € U x U x [0,T] x [0,T] x {1,2}. By

W(ﬁj,ﬂ,ﬂ@i) Z\D(O7Oat0at07i0) :M7 (B2)

we get that % and % are bounded, which implies [T —g| — 0 and [t—5] — 0
as a — 0 and g — 0. We now show that £ — 0 and § — 0. Otherwise, there are
sequences a, — 0 and pu, — 0 such that z — 2, — 2,2 #20,f = 7 and 5 — 7.
By the semi-continuity of (u1,uz) and (v1,v2), for a,, and p, small enough, we get

I | S e

|Z|?—nt < u;(z,T)—vf(z77)—|z\2—777+5 <M,

u;(faa_vj(gvg) J

2a 2u
where € > 0 is small. This contradicts (B.2). Thus, Z and g are contained in the
open set U for a and p small enough.
Since (u1,uz) is a subsolution, we get
f—s 2
T hi(Z,p +27) + > N (@)ux(Z, 1) < —.
k=1

Since (v1,v2) is a supersolution, we get

o 2

t—35s _ = T

o + h;(9,p) + E A (9)v (9, 5) > 0.
k=1

z

Here we set p = %77 Subtracting the above two inequalities, we get

hy (2,5 +22) = h5(5.0) + D (Ve (@)un (2, 1) = N ()vn (5, 5)) < = (B.3)
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Note that £ — 0, § — 0, and (uy,u2) is bounded. If p is bounded, we can let o — 0
and g — 0 in (B.3) to get 0 < —n. This leads to a contradiction.

It remains to prove that p is bounded. We take x =y =7Z,t =t and s = 5in U,
then

uj(jaﬂ_vj@?’ §)—

which implies

|z -y o -
on S Ui(E,8) —v(5,9).

Now we assume that (v, vs) is Lipschitz continuous. Let x be the Lipschitz constant
of (v1,v2). Then
[z — gI”
2c

‘We conclude that

The proof is now complete. O

Lemma B.2. Assume (h1) and x < 1. For all (p1,¢2) € C(M,R?), the viscosity
solution (u1,us) of (1.13) exists. It is unique and uniformly bounded for all t > 0.
If the initial function (1, @2) is Lipschitz continuous, (uy,us) is equi-Lipschitz
continuous for (x,t) € M x [0,400).

Proof. We first assume that (o1, ¢2) is of class C1. We first show the existence of
(u1,usz) by Perron’s method. Define

Ky = max {|hi(z,p)| : @ € M, [p| < [|Dgillc},
16{1,2}

and
2

Ky = Ks+ Zgﬁ%);}; Aij(z)”‘»pj(l')”oo

By (1.11), (1 + Kyt, o2+ Kat) (resp. (p1 — Kyt, po — K4t)) is a supersolution (resp.
subsolution) of (B.1). For each T' > 0, we define a family of subsolutions
S = {(wy,ws) :
(w1, wq) is a subsolution of (B.1) with (wy,ws) < (1 + Kat, 0o + Kyt)}.

By [16, Theorem 3.3], the pair (u1, u) with component

Uy (xa t) = sup - w; (:L’, t)

(wi,w2)€S

is a solution of (1.13).

By Proposition 2.6 and Lemma 2.7, (1.9) has a unique solution when x < 1.
Let (v1,v2) be the solution of (1.9). By (hl) and Lemma 2.5, (vi,v2) is Lipschitz
continuous. By (1.11), we can take K5 > 0 large enough such that (v; + K5, v2+ K5)
(resp. (v — K5,v9 — K5)) is a supersolution (resp. subsolution) of (B.1). Then by
Lemma B.1, we have (v; — K5,v2 — K35) < (u1,u2) < (v1 + K5,v2 + K3), which
implies that (u1,us) is uniformly bounded.

Now we prove the regularity of (uy,us). For each h > 0, we define

o (ot pi(z) — Kat, 0<t<h
UJi(l'7 )_ ul(x,t—h)—K4h’ t>h
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For t < h, (w1, w2) is a classical subsolution. Since (1 — Kut, w2 — Kat) < (u1,us) <
(1 + Kat, w2 + K4t), there is no smooth function supertangent to (wy,ws) at t = h
unless (w1, ws) is differentiable at ¢ = h. Thus, (w1, ws) is a subsolution for ¢ < h.
For ¢t > h, by (1.11) we have

2
Oy; + hi(w, Dw;) + »_ Nij(a)w;(x)

Jj=1

2
= Owu;(x,t — h) + hi(z, Du;(x,t — h)) + Z Xij(2)(u;(x,t — h) — K4h)

< Opui(z,t — h) + hi(z, Du;(x,t — h)) + Z Xij(@)uj(xz,t —h) =0

in the viscosity sense. Thus, (1, W2) is a subsolution of (B.1) with @;(z,0) = ¢;(z).
Since (u1, uz) is the supremum of S, we have

Wi(x, t 4+ h) = ui(x,t) — Kgh < ui(z,t + h).

Therefore, we have Oyu; > —K4. By (B.1), (hl), Lemma 2.5 and the uniform bound-
edness of (uy,us), we obtain that || Du;||s is uniformly bounded almost everywhere.
Then ||0,u;||so is uniformly bounded almost everywhere.

The uniqueness of the solution of (1.13) when the initial function is of class C*
is given by Lemma B.1. Now we consider the existence and uniqueness of (1.13)
when (@1, ¢2) is continuous. Let (¢1,p2) be continuous. Then there is a sequence
of smooth functions (¢7, ¢4) uniformly converges to (1, 2). We have known that
the solution (uy,u) of (B.1) with the initial function equaling (o7, ©%) is unique
and Lipschitz continuous. For ny and ny € N, define

Ko = max|[l¢" — ¢;%[|oo-

The pair (u]* — Kg, u5* — Kg) is a subsolution of (B.1) with initial function smaller
than (o712, ¢5?). By Lemma B.1, for each ¢ € {1,2}, we have
u;t — Kg < u?.
Exchanging n; and ny, we get
i —u?[|o < K.

Therefore, (uf,ul) is a Cauchy sequence, and uniformly converges to a continuous
function (u1,us2). By the stability of viscosity solutions, (u1,us) is a solution of
(1.13). Define

Ky o= max|lgi — ¢ oo
By the Lipschitz continuity of (v}, u}), for all solutions (uy,us) of (1.13), we have
ui — K7 < w,
and
u; — K7 <l
which implies
lu; — ul oo < K7.

Thus, the solution of (1.13) is unique. When (¢1,p2) is Lipschitz continuous, we
can take an equi-Lipschitz continuous sequence (o7, %) — (¢1,2). Then (uf, u})
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is equi-Lipschitz continuous by the argument above. We then get the Lipschitz
continuity of (u1, ug). O

Now we consider the large time behavior of solution of (1.13). Assume that
(¢1,92) is Lipschitz continuous. For each i € {1,2}, define

¢i(w) = ltlglﬁgof ui(z,t),

and
Vi(z,t) = ;rzlf(’)ui(x,t + s).

By [15, Lemma 3.1], the pair (Vi (x,t), Va(x,t)) is a supersolution of (B.1). By def-
inition, (V4 (z,t), Va(z,t)) is nondecreasing in ¢t. Then the pointwise limit @;(x) :=
lim; 4o Vi(x,t) exists. By the equi-Lipschitz continuity of (ui,us), (@1,@2) is
continuous. By Dini’s theorem, the limit procedure is uniform. By the stability of
viscosity solutions, (@1, p2) is a supersolution of (1.9). Similarly, define

@i(x) = limsup u;(x, t),

t——+o0

then (¢1,¢2) is a subsolution of (1.1). By definition, (¢1,¢2) < ($1,$2). By
Lemma 2.7, (1, ¢2) < (v1,v2) < (@1, P2), which implies

Jim (@, t) = vi(2).
The convergence above is uniform for each i € {1,2}.

For continuous initial function, let (u] ,u5 ) (resp. u,u3 ) be the unique solution
of (B.1) with constant initial function (—||¢1|leos —|¥2]lec) (resp. (|¢1 oo, l¥2lloo))-
Then (uy ,uy ) < (u1,u2) < (uf,uz). We have shown that

: +
Jim i (a,1) = vi(2)
for each 7, then

i (e, t) = vi(2).

The convergence above is uniform for each i € {1,2}.
The proof is now complete.
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