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Abstract

In this paper, we introduce a weakly coupled mean field games model of first order for k different kinds of
major players. The existence of solutions of this kind of weakly coupled mean field games model is proved.
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1 Introduction and main results

In the present paper, we consider a weakly coupled mean field games model of first order for & kinds of
major players. The way they interact is not only the mean field terms, but also the value of the cost functional.

Assume M is a connected, closed (compact without boundary) and smooth Riemannian manifold. For x € M

andi € {1,...,k}, let D denote the spacial gradient with respect to =, we consider the following model
k
Hi(x, Du(x)) + Y Bij(x)u;(2) = Fy(z,ma, ..., mg), (1.1)
j=1
0H;
div (mzap(a?,DuZ(x))> =0, (1.2)
/ midx = 1. (1.3)
M

In the classical mean field games model, there is a large community of identical players. The cost functional of
each player is determined by the same Hamiltonian H. As pointed in [1], in most real problems of economics,
there is not just one major player. So it is natural to consider a system with several major players. The model
(1.1)-(1.3) describes a system with k& groups of major players. The Hamiltonians of each group of players are
different from each other. The cost functional of the ith major player is determined by the Hamiltonian H;, the
cost functional u; of the jth major player, and the distribution m; of the jth major player. The system is weakly
coupled in the sense that the coupling terms depend only on the zero order terms, such as u; and m;, and do not

depend on the gradient terms.

Foreachi € {1,...,k}, the function H; : T*M — R s of class C? and satisfies:
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88;;“ (z,p) is positive

(H1) (Positive definiteness). For every (x,p) € T*M, the second partial derivative
definite as a quadratic form.

(H2) (Superlinearity). For every x € M, H;(x, p) is superlinear in p.
(H3) (Reversibility). H;(x,p) = H;(x, —p) for every (z,p) € T*M.

The coupling matrix (B;;(x)) is of class C* on M and satisfies

(B) The matrix (B;;(x)) is irreducible (i.e., the system (1.1) can not be decoupled) and

k
Bij(z) <0ifi#j, > By(x)>0forallie{1,... k}.

Jj=1

In this paper, we denote by C(M) (resp. C'(M,R¥)) the space of continuous functions from M to R (resp.

R¥). We also denote by || - || the supremum norm of both real and vector valued functions on its domain.

Let P(M) and P(T* M) denote the set of Borel probability measures on M and T* M respectively. Both of
them are compact under the w*-topology. Let X denotes either M or T*M. A sequence {pu tren C P(X) is
w*-convergent to . € P(X) if

lim /X F(@)dpy, = /X f(@)dp, Vf € Cy(X),

k—+oo

where C,(X) stands for the space of bounded and uniformly continuous functions on X. We shall work with the

Monge-Wasserstein distance d;, which is defined by

dy(my,ms) = sup/ hd(my —ms), VYmq, mg € P(X),
hoJM

where the supremum is taken over all 1-Lipschitz continuous functions on X. We recall that d; metricizes the

w*-topology. In the following, the product space P(X) is endowed with the product topology. Then P (X) is

compact by the Tychonoff theorem, and is endowed with a distance d* induced from d;. More precisely, for

m! = (mi,...,ml)andm? = (m?,...,m2) € P(M)*, we define

d"(m;, my) = max di(mj,m3).

The topology induced by d* coincides with the product topology. For each i € {1,...,k}, the function
F,: M x P(M)* — R satisfies:

(F1) forevery m = (my,...,my) € P(M)¥, the function x — F;(z, m) is of class C? and

sup > [|DYF(-,m)|lo0 < +00,
eS|

where the index « = (a1, ...,q,) and D® = D ... D%,

(F2) for every x € M the function m — F;(z, m) is Lipschitz continuous and

wp  [ECm) — A(my)

weM d*(my, my)
my,my P (M)*
mi #my

< 400



Definition 1.1. Assume that H; : T* M x R* — R is continuous for each i € {1,... k}. A continuous function

u: M — R¥ is called a viscosity subsolution (resp. supersolution) of
H;(x,Du;,u) =0, ze€M,1<i<k, (1.4)

if for each component u; of u and test function ¢ of class C*, when u; — ¢ attains its local maximum (resp.

minimum) at x, then
Hi(z, Do(x),u(x)) <0, (resp. Hi(z, Dé(x),u(x)) = 0).
A function is called a viscosity solution of (1.4) if it is both a viscosity subsolution and a viscosity supersolution.

Definition 1.2. A solution of the system (1.1)-(1.3) is a couple (u,m) € C(M,RF) x P(M)* such that (1.1)
is satisfied in viscosity sense for weakly coupled systems of Hamilton-Jacobi equations and (1.2) is satisfied in

distributions sense.

Remark 1.1. Assumptions (HI1), (H2) are the classical Tonelli conditions. When the coupling matrix satisfies
the condition (B), then for eachm € P(M)¥, the viscosity solution of the weakly coupled system (1.1) is unique
by [9, Proposition 2.10]. The existence of the viscosity solution of the weakly coupled system (1.1) for fixed
m € P(M)F is guaranteed by the Perron’s method for weakly coupled systems, see [24] for instance.

Theorem 1. Assume (HI1)-(H3), (B) and (F1)(F2), then the system (1.1)-(1.3) admits at least one solution.

Remark 1.2. Comparing to [21], the dynamical meaning of the solution of the system (1.1)-(1.3) is weaker.
Fixingm € P(M)¥, there is a unique viscosity solution (ul*, ... ,u™) of (1.1). The viscosity solution is Lipschitz

continuous by (H2). The function u}"* is the unique viscosity solution of H™ (x, Du,u) = 0, where

k
H{"(z,p,u) == Hi(z,p) + Bi(z)u + Z Bjj(2)uj'(z) — Fi(z,m) (1.5)
Jj=1,j#i
is only Lipschitz continuous in x. Therefore, the contact Hamiltonian flow of H[™ is not well-defined. Following
[11], the Mather measures can be defined as the closed Borel probability measures supported in the Mather set,
see Definition 2.1 below. If (u,m) is a solution of (1.1)-(1.3), then for each i € {1, ..., k}, there is a Mather

measure corresponding to H" (x, p, w) whose projection on M equals m,.

The mean field games was introduced by Lasry and Lions in [28-30] and by Caines, Huang and Malhamé
[22,23] to analyze large population stochastic differential games. For the theory of first order mean field games,
we refer to [4-7, 14,17,20]. For the theory of stationary mean field games, we refer to [2, 16, 18,19,32].

We denote by T" the n-dimensional flat torus. Let G : T x R"™ — R be of class C? and quadratic-like in

the second variable. The following ergodic first order mean field game system with x € T™ was discussed in [4]

G(z,Du(z)) = ¢+ F(z,m),
. 0G
— div (map(x, Du(w))) =0,

mdx = 1.
T’H,

The system is a Hamilton-Jacobi equation coupled with a continuity equation. The scalar unknown function w is

defined on M, and the unknown m is a Borel probability measure define on M. The function F' is a coupling



between the two equations. The function u can be understood as the value of the cost functional or the objective
functional of a typical small player. The optimal feedback of this small player is then given by —% (z, Du(x)).
When all players play according to this rule, their density of distribution m is governed by the second continuity

equation.

The following ergodic first order mean field game system of contact type was discussed in [21]

H(xz, Du(x),u(x)) = F(x,m),

div <m%1;](:c, Du(z), u(x))) =0,

/ mdx = 1.
M

Here z € M and M is a compact connected and smooth Riemannian manifold without boundary. The function
H : T*M x R — R satisfies the standard dynamical assumptions, i.e., of class C3, superlinear and strictly
convex in p. The solution (u, m) of the system obtained in [21] has a clear dynamical meaning. More precisely,
there is a Mather measure of the contact Hamilton flow generated by H (z, p, u) whose projection on M equals

m. The dynamical tools used in [21] come from [35].

The system (1.4) is weakly coupled in the sense that every ith equation depends only on Du,;, but not on
Dy for j # i. The standard assumption for (1.4) is so-called the monotonicity condition, which means H; is
increasing in u,; and nonincreasing in u; for j # i. More precisely, for any (z,p) € T*M and u, v € R¥, if
w — v = maxi<;<k(u; — v;) > 0, then H;(z, p,u) > H;(x,p, v). When the coupling is linear, that is, when

H; has the form
k

Hi(xapvu) = h1($,p) + ZBij(x)uja
7j=1

the monotonicity condition holds if and only if

k
Bij(z) <0ifi#j and Y Bij(x)>0forallic {1,...,k}.
j=1
By [9, Proposition 1.2], if the coupling matrix (B;;(z)) is irreducible, then B;;(xz) > 0 forevery i € {1,...,k}.
About the stationary weakly coupled systems, there are several topics of concern. For the existence theorems and
the comparison results of viscosity solutions, one can refer to [12,24,31]. For the weak KAM theory, one can

refer to [9]. For the vanishing discount problem, one can refer to [10, 25, 26].

Remark 1.3. When the coupling term j B;ju; vanishes, one may consider the following coupled system for

ie{l....,k}
Hz(anuz(x)) :Cl+Fl(l’,m1,,mk)7 (16)
div (m; 22 (2. Du, =0 1.7
iv (mzap(x7 ul(x))> =0, (.7
/ mde = 1. (18)
M

From the view of differential games, the major players influence each other only through the mean field terms
in this case. The difficulty mentioned in Remark 1.2 does not appear. The proof of the existence of solutions

(¢,u, m) is quite similar to the one in [4]. We provide an outline. Consider the set-vauled map V : P(M)*F =



P(M)*. The set ¥(m) := {(u1, ..., 1x)}, where each p; is a projected Mather measures corresponding to
H;(z, Du;(x)) — F;(x,m). Since the products of compact convex sets are still compact and convex, it remains
to check U has a closed graph. This property is guaranteed by (H2) and (F2). Thus, ¥ admits a fixed point in by
the Kakutani’s fixed point theorem. Forin = (my, ..., my) € P(M)F, there exists a solution (u;,c;) of (1.6)
by the classical theory of Hamilton-Jacobi equations, and the probability measure m; naturally satisfies (1.7).

When all H; and F; coincide, the system (1.6)-(1.8) can be reduced to the case considered in [4].

2 Proof of the main theorem

By [3, Corollary A.2.7], when H; : T*M — R satisfies (H1)(H2), the corresponding Lagrangian L; :
TM — R is also Tonelli, i.e., of class C?, superlinear and strictly convex in the fibre. At the present, we denote
by H(z,p,u) the Hamiltonian defined in (1.5) for simplicity of notation, then it satisfies the basic assumptions
in [27], and is strictly increasing in u. Let A := maxj<;<y || B (2)||oo be the Lipschitz constant for H(x, p, u)

in u. The corresponding Lagrangian associated to H is
k
L(z,&,u) = Li(x, &) — By (x)u — Z Bij(x)u]"(v) + F;(z,m), 2.1
j=1.j#i

The following proposition holds when H;(x, p) in (1.5) satisfies (H1)(H2).

Proposition 2.1. Let (u_, u ) be the conjugate pair defined in Proposition A.6, and I ,,_ .y be the correspond-
ing projected Aubry set. For & € L(,,_ ), there exists a C* curve  : (—00,00) — M with v(0) =  such that

u_(1(t)) = up (1(t)), and

us (7 (1)) — s (v(1)) = / LOy(s).4(s),us (y(s)))ds, Ve <t €R. @2

In addition, u are differentiable at x with the same derivative

Dus(e) = 92 (2,4(0), us (@) e3)

We then define
j:(u,,u+) = {(xapa u) tre I(u,,qu)a b= Du:l:(x)v U = u:l:(x)}

Both u_ and u are of class C* on Ziu_ u,) or equivalently, the lift from L(y,_ o) to f(uf ) IS continuous.

We divide the proof of Proposition 2.1 into Lemmas 2.1-2.4. In the following, we denote by d(z,y) the
distance between x and y induced by the Riemannian metric g on M. We also denote by | - |, the norms induced

by the Riemannian metric g on both tangent and cotangent spaces of M.

Lemma 2.1. Ifu < L, then u is a Lipschitz continuous function defined on M.

Proof. For each x,y € M, let « : [0,d(z,y)] — M be a geodesic of length d(z,y), with constant speed
|&t|o, = 1 and connecting = and y. Let C, denote the bound of L(x, &, 0) for |%|, < 1. Then

L(a(s), &(s), u(a(s))) < Cr + Mullo, Vs € [0,d(z,y)].



Then by u < L we have

d(z,y)
u(y) —u(z) < / L(a(s), u(a(s)), a(s))ds < (Cr + Allulloc)d(z, ).
0
Exchanging the role of z and y, we get the Lipschitz continuity of w. O

Lemma 2.2. Givena > 0. Ifu < L, lety : [—a,a] — M be a (u, L, 0)-calibrated curve, then +y is of class C*
and w is differentiable at v(0).

Proof. By Lemma 2.1, for each i € {1,...,k}, the backward weak KAM solution " is Lipschitz continuous.
Thus, H(z,p,u) = H™(x,p, u) is locally Lipschitz continuous in z. Since the following argument is local, we
identify 7'M with an open subset of R™ x R™. Let || - || be a norm on R™. For ||v1]| and ||vs|| less than R, there

exists a constant /{ > 0 such that

|L(z1,v1,u(z1)) — L(x9, va, u(z2))|

< |L(z1,v1,u(x1)) — Lz, v1, u(xe))| + | L(x1,v1, u(x2)) — L(ze, va, u(zs))]

< M[Du(®)[|ocd(z1, 22) + K(d(21, 22) + [[v1 — v2)).
Therefore (z, &) — L(x,4,u(x)) is locally Lipschitz continuous. Note that L(z, &, u) is strictly convex in &,
by [8, Theorem 2.1 (ii)], the minimizer v is a C'* curve.

The following argument is similar to [35, Lemma 4.3]. Since we are arguing locally near the point x := ~(0),
it suffices to prove the lemma for the case when M is an open subset U of R"™. We are going to show for each

y € U, there holds
u(z+ny) —u(z)  OL

. : o cu(@+ny) —u(x)
1 < 22 (z,%(0), -y < liminf .
im sup ; < 55 (@7(0),u(2)) -y i in ;

2.4)

Forn > 0and 0 < ¢ < a, define v, : [—¢,0] — U by 7,(s) = ~(s) + L=ny, then ,,(0) = z + ny and

€

(=€) = ~v(—¢). Since v is a (u, L, 0)-calibrated curve

u(a + ) — u(r(—2)) < / L3 (8), A (5), w1 (5))) s,

—€

0

u(@) — u(vy(-¢)) =/ L(v(s),7(s), u(v(s)))ds.

—€

It follows that

ua+my) —ulx) _ 1 /

(L(yn(s), An(s), ulvn(5))) = L(v(5), ¥(s), u(v(s))))ds.

n nJ—¢
By the locally Lipschitz continuity of the map (x, ) — L(z, &, u(z)), there exists K’ (]|¥(s)]|) such that

lim SHPU(x +ny) — u(z)
n—0+ n

1 0
<limsup - / (L3 (5), An(), 01 (5))) — L), 45w (5)))
n—0t T J—¢
(L (), 4(5), alm(5))) — L(v(s), 3(5), u(r(s))))ds
0 A s
S/ CL ) A4s) ur(s))) -y + K () ) 2

€ 0% €

3
lyl))ds.




=Eny , we

Lete — 07, we get the first equality in (2.4). Similarly, define ~,, : [0,2] — U by v, (s) = v(s) +

€

get the second equality in (2.4). U

Lemma 2.3. Given a conjugate pair (u_,uy), for x € L, _ ., there exists a C! curve vy : (—o0,00) — M
with v(0) = x such that u_(y(t)) = uy (y(t)), and

tl
w ()~ we(0) = [ LO() Ak usr(6)ds, Vet € @5)
t
In addition, u are differentiable at x with the same derivative.

Proof. For x € Z(y_ 4., there is a (u_, L, 0)-calibrated curve y_ : (—00,0] — M with v_(0) = z and a
(uy, L, 0)-calibrated curve v : [0, +00) — M with v4(0) = z, connecting these two curves, we get a curve
v : (—00,00) = M with y(0) = z.

According to the proof of [35, Lemma 4.7], we have v (74 (s)) = u—(v4+(s)) fors > 0 and uy (y_(s)) =
u_(v—(s)) for s < 0. Therefore y is a (u4, L, 0)-calibrated curve defined on the whole R, i.e. the equality (2.5)

holds. By Lemma 2.2, v is a C"* curve and Du () = g—’;(x, ux(z),4(0)). O

Lemma 2.4. The conjugate pair u_ and u are both of class C* on Tu_ uy)-

Proof. By Lemma 2.1, u_ is Lipschitz continuous. By [3, Theorem 5.3.7], if H(x, p, u) is locally Lipschitz
continuous and stictly convex in p, then u_ is locally semiconcave. Similarly, since —u is a viscosity solution
of (A.3), it is also locally semiconcave. Equivalently u is locally semiconvex. Then by [3, Theorem 3.3.7], the

conjugate pair u_ and u are both C! on Z O

U—uy)

Definition 2.1. Given a conjugate pair (u_,u.y ). The projected Mather set My is defined as the limit set of the
calibrated curves passing through the points in Z,,_ .. By (2.3), we have

4(0) = %—]g(z,Dui(x),ui(z)). (2.6)

Since the viscosity solution u_ is unique, and H is strictly convex in p, 4(0) is uniquely determined by the

position x. We then define the Mather set

Mpy ={(z,v): € Mg, v= @(x,Dui(x),ui(x))} CcTM.

dp
Since Duy (x) is just continuous, the solution of the following ordinary differential equation
OH
T = ?p(vaUi(I)vui(I))

may not be unique. Thus, we can not construct a flow on L, _ .y by . We define the Mather measures via the

closed measures. A closed measure p onT'M is defined by

/ [v|zdp(z,v) < 400 and dyp(v)dp(z,v) =0 VYo € CHM).
™ ™

Here d,, denotes the exterior differential with respect to x. The Mather measure can be defined as the closed
Borel probability measures supported in M. Denote by My the set of Mather measures. One can construct

Mather measures by closed calibrated curves inZ,_ ).



From now on, we denote by H" : T*M x R — R the Hamiltonian defined as in (1.5), with H;(x, p) satisfies
(HI)-(H3). The unique viscosity solution of H!"(x, Du,u) = 0 is denoted by u*. The corresponding projected
Abury set, Mather set, projeted Mather set and the set of Mather measures are denoted by A", /\;l}”, M7 and

M respectively.
Lemma 2.5. For anym € P(M)¥, define

K= {(z,0) € TM : H"(z,0,u]*(z)) = 0}.

i -

Then K7 is a nonempty compact subset of the Mather set ./\;llm and all points in it is fixed. Thus, the Mather

measures exist. Moreover, we have K" = M".

Proof. The proof is quite similar to the proof of [21, Proposition 7 and 8]. Let (z,0) € K. By (H3), the
Lagrangian corresponding to H;™ satisfies
L (2, 0,u"(x)) = sup (—H"(z,p,u"(x)))
peTx M
— — inf H™ m(g)) = Hm ™)) = 0.
dnf | HY (@ pu (2)) = HI' (0, u'(x)) = 0

Let v, (s) = x for s € (—o0,0]. Then for all ¢ < 0 we have

0 0
W (z) — (1)) = / L (a(5), A (5), 0" (7 (5)))ds = / L, 0,1 () ds = 0.

Thus, % is a (u?, L™, 0)-calibrated curve. By Proposition A.4, we have T} u?"(z) = u}"(x). By Proposition
A.5, the limit lim;_, y o, 7, u"(z) exists, and equals a forward weak KAM solution v/ of H™(z, Du,u) = 0.
The pair (ul", v{") is a conjugate pair. Let t — +o00, we have v} (z) = ul"(z), i.e., x € A". By definition of
the Mather set, we have (z,0) € M7,

Since H™ is locally Lipschitz continuous, and strictly convex in p, the viscosity solution u;" is semiconcave
on M by [3, Theorem 5.7]. Let 2o be a minimal point of u!", then v is differentiable at xy and Du}"(x¢) = 0.
Since u}™ is a viscosity solution, we have H™(xo, 0, u}"(zo)) = 0. Therefore, K" is nonempty.

It remains to proof K" D /\;l:” Let y(s) be a arbitrary trajectory contained in M[", we want to show it is a
fixed point. By the C*-regularity of u},| 4= and 7(s), combining with (2.6), we have

L) = (Dul (1 (6)(5) = (D (), T () D (261

Since M" is a limit set, the recurrence property of points in the Mather set still holds. The assumption
(H3) implies (p,0H;/dp) > 0, and the equality holds if and only if p = 0. If Dul*(v(s)) # 0, then
dul™(~(s))/ds > 0, which contradicts the recurrence property of M?*. Thus, we have Du"(v(s)) = 0,
which implies that #(s) = 0. Finally, we conclude that all points in M?* have the form (z,0), and satisfy
H (2,0, uf(2)) = 0. O

Lemma 2.6. For anym € P(M)¥, let u™ denote the unique viscosity solution of (1.1). Then u™ is uniformly
bounded and equi-Lipschitz with respect tom. Letm; € P(M )¥ converges to my in the sense of d*, then u™

converges to u™° uniformly.



Proof. By (B)(F1) and the boundedness of H;(x,0), there is a constant C' large enough such that (C, ..., C') and
(—C,...,—C) are a supersolution and a subsolution of (1.1) for any m € P(M)*. By the comparison principle
[9, Proposition 2.10], the constant C' is the uniform bound of u”. The Lagrangian L(z, &, u) corresponding to
H™(z,p,u), which is given by (2.1), is also uniformly bounded for |#|, < 1 with respect to m. Using a similar
argument as in Lemma 2.1, one can prove that u” is equi-Lipschitz with respect to m. By the Arzeld-Ascoli
theorem, there is a subsequence u”*7= uniformly converges, with the limit point u*. Let H" be defined as in

(1.5). By (F2), Hzm 7% converges uniformly to

k
Hj (z,p,u) :== H;(x,p) + Bi;(x)u + Z Bjj(z)uj(z) — F(z,mo)
J=1,j#i
on compact subsets of 7* M x R. By the stability of viscosity solutions, u* solves (1.1) with (m, ..., my) = mo.

By the uniqueness of the viscosity solution of (1.1) under the assumption (B), all limit points of {u™} equals
u'ln() . D

Proof of Theorem 1. By the Prokhorov’s theorem and the Tychonoff theorem, (P(M)¥, d*) is compact and
convex. Let m : TM — M be the canonical projection, which induces the push forward 7. Define the
set-vauled map
U P(M)* = P(M)*,
where we define the set
W(m) = {(mpni"s .. mgni’) s gt € M
One can easily check that U has nonempty convex values by Lemma 2.5. In order to use the Kakutani’s fixed

point theorem, it remains to show that W has a closed graph. Let d*(m;,m) — 0 and d*(u/, i) — O as j — 400,
where i/ € ¥(m;). We want to show p € ¥(m).

Since p# € W(m;), there exist a sequence 7’ with 77{ € 9" such that ug = w#nf . By Lemmas 2.5, we
have
supp() € M x {0} = Ko, Vi€ {l,...,k}, j€N,

where supp stands for the support of Borel probability measures. Thus, the sequence 77{ is tight. Up to a
subsequence if necessary, we may suppose that d*(n?,7) — 0 for some € P(M)* and y; = myn; for each
ie{l,... k}.

Now we show that ; € 917", which implies that © € ¥(m). We first show that 7); is closed. The integral
fT Az [v]zdn; is finite by the compactness of K. By definition of K¢ we have

/ dyp(v)dn; = / dyp(v)dn; =0, Yo € CHM),
TM Ko

which shows that 7); is closed.

Next, we show that supp(n;) C K. Since ng converges to 7); in the w*-topology, for any (xg, vg) € supp(7;),

there is a sequence (z;,v;) € supp(r’) converging to it. By Lemma 2.5 and 7 € 9"/, we have v; = 0 and

H[™ (x7,0,u;” (x;)) =Hi(x;,0) + Byi(x;)u" (z;)

3

k
+ Y Bij(z)u) (z;) — F(z;,m;) =0.
=L
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Let j — +oo, by Lemma 2.6 and (F1)(F2), we get that vy = 0 and H™ (¢, 0, u}"(x¢)) = 0. Therefore, ¥ has a
closed graph. We conclude that ¥ admits a fixed point m.

Letu(x) = (a1(x), ..., ur(x)) be the unique viscosity solution of the weakly coupled system (1.1) with
(mq,...,mi) = m. Then there is a Mather measure 7j; such that w47, = m,. Since 7; is closed, for all
¢ € C*(M) we have

0=/ dmw(v)dﬁiz/ dzp(v)dn;
™™ supp(1;)

o U n; = %x u; (T m;
::Z;mmﬂu%ﬂw,apCuDuA@»dmf—/;u%x@,ap(,D ()Y

Hence, m satisfies (1.2) in the sense of distribution. The proof is now complete. O
A Facts on the contact Hamilton-Jacobi equation
In this section, we collect some facts given by [27] in view of the contact Hamiltonian H : 7" M x R — R

defined by (1.5). As mentioned in Remark 1.2, we have to deal with Hamiltonians which are just Lipschitz

continuous in z. Similar results can be founded in [34,35] for C® Hamiltonians. Let us consider the evolutionary

equation:
Opu(z,t) + H(x, Du(z,t),u(x,t)) =0, (x,t) € M x (0,+00). @1
u(z,0) = p(x), x€ M. .
and the stationary equation:
H(z, Du(x),u(z)) =0. (A2)

Since H (z,p,u) defined by (1.5) is strictly increasing in u, the viscosity solution of (A.2) is unique by the

comparison principle.

Proposition A.1. [27, Theorem 3.1] Let the initial data o(x) € LSC(M,R U {400}), where LSC(M,R U
{o0}) denotes the set of lower semi-continuous functions, with values taken in R U {+oc}. Then the lower
semi-continuous viscosity solution u € LSC(M % [0, 4+00), RU {+00}) of (A.1) in the sense of Barron-Jensen

exists, and is unique.

Proposition A.2. [27, Theorem 4.1 and Remark 6.3] Let p(x) € LSC(M,R U {co}), and let u be the Barren-
Jensen solution of (A.1). We denote by C(z,t,u) the set of absolutely continuous curves v : [0,t] — M with
~(t) = x and

A(Mhﬁ%%ﬂﬁﬂ+@@ﬁ%ﬂWﬁ<+m.

Fix (z,t) € M x (0, 400) so that u(z,t) < 4o, then

u(z,t) = min {@(7(0))+/OtL(V(T),“‘V(T)vU(V(T),T))dT},

YEC(w,t,u)
and the minimum is attained. We define the backward solution semigroup T, as the map t — u(-, t). Define
F(l’,p7 ’U,) = H(CU7 —-b, —’LL)

and let T, be the backward solution semigroup corresponding to F, then the forward solution semigroup
T := T, (—) is also well-defined.
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Following Fathi [15], one can extend the definition of weak KAM solutions of equation (A.2) by using
absolutely continuous calibrated curves instead of C'! curves.

Definition A.1. A function uw € C(M) is called a backward (resp. forward) weak KAM solution of (A.2) if

(1) For each absolutely curve ~y : [t',t] — M, we have
t
u(y(t) —u(y(t)) < / L(v(s),7(s), u(v(s)))ds.
t/
The above condition reads that u is dominated by L and denoted by u < L.
(2) For each x € M, there exists a absolutely continuous curve y_ : (—o0,0] — M with v_(0) = x (resp.
Y+ 1 [0,400) = M with v4(0) = x) such that

0
ua) = ulr-(0) = [ L (3.3 (s ulr-(s))ds. Ve <.

(resp. U(m(t))—U(z):/O L(v+(8), V4 (s), u(y4(s)))ds, vt >0.)

The curves satisfying the above equality are called (u, L,0)-calibrated curves.

The following proposition is well-known in the weak KAM theory, one can refer to [33, Lemma 6.2]. For the

existence of the calibrated curves, one can see [27, Lemma 6.6].

Proposition A.3. The following statements are equivalent: u_ is a fixed point of T} ; u_ is a backward weak
KAM solution of (A.2); u_ is a viscosity solution of (A.2). Similarly, the following statements are equivalent: vy

is a fixed point of T, ; v, is a forward weak KAM solution of (A.2); —v.. is a viscosity solution of
F(z, Du(z),u(x)) = 0. (A3)

Proposition A.4. [27, Lemma6.7] Lety_ : (—00,0] — M bea (u_, L,0)-calibrated curve, then T, u_ (y_(—t)) =
u_(y—(=t)) for each t > 0.

Proposition A.5. [27, Theorem 6.4] Let u_ be the unique viscosity solution of (A.2), then T, u_ is nonincreasing

in t, and converges to a forward weak KAM solution u, of (A.2) uniformly.
Proposition A.6. Define the projected Aubry set

T yi={zeM: u_(r)=uy(x)}.

U Uf

This set is nonempty. We also have u_ = lim;_, ;oo Ty u. From weak KAM point of view, we call (u_,u) a

conjugate pair.

Proof. Since u_ is unique, by Proposition A.5, T} u. is nondecreasing in ¢ and uniformly converges to the
unique backward weak KAM solution u_. Let v_ : (—o00,0] - M be a (u_, L,0)-calibrated curve. By
Proposition A.4, for each ¢t > 0 we have T} u_(y_(—t)) = u_(y_(—t)). Since M is compact, let 2* € M
such that d(y_(—ty),x*) — 0 as t,, — +o00. The following inequality holds

Ty u—(y=(=tn)) = up (@)] Iy u— (v (=tn)) — us (- (~ta))|
+ Jug (7= (=tn)) — us (z7)].
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The function u is Lipschitz continuous (see Lemma 2.1). Thus, as ¢,, — +o0,
s (7— (—ta)) — s (a*)] = 0.
Since T, u_ converges to u uniformly, then
T us (7= (=tn)) — us (7= (=tn))| = 0.
Therefore, the limit of T, u_ (y—(—t,)) is us(z*). On the other hand, we have
T u (v (~tn)) = u— (- (—ta)),

which tends to u_ (z*) by the continuity of u_. We conclude that u, (z*) = u_(z*). O
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